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A perturbation method is used to analyse the nonlinear vibration behaviour of imperfect general structures under static
preloading. The method is based on a perturbation expansion for both the frequency parameter and the dependent vari-
ables. The eﬀects on the linearized and nonlinear vibrations caused by geometric imperfections, a static fundamental state,
and a nontrivial static state are included in the perturbation procedure.
The theory is applied in the nonlinear vibration analysis of anisotropic cylindrical shells. In the analysis the speciﬁed
boundary conditions at the shell edges can be satisﬁed accurately. The characteristics of the analysis capability are shown
through examples of the vibration behaviour of speciﬁc shells. Results for single mode and coupled mode nonlinear vibra-
tions of shells are presented. Parametric studies have been performed for a composite shell.
 2007 Elsevier Ltd. All rights reserved.
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Investigations in the ﬁeld of the nonlinear vibration behaviour of structures used to rely on analytical tech-
niques, before the advent of powerful numerical approaches such as the commonly used Finite Element
Method (Evensen, 1974). Although the required computational resources are currently available to use the
Finite Element Method in combination with numerical time integration, analytical or semi-analytical (i.e. ana-
lytical–numerical) approaches remain indispensable to obtain insight in the behaviour of the structure. The
starting point for an analytical approach is generally the set of governing diﬀerential equations of the speciﬁc
structure under consideration. Often the spatial dependence of the solution is taken care of by means of a
Galerkin-type discretization, while a perturbation technique is used to describe the temporal behaviour (Nay-
feh and Mook, 1979).
As a generalisation of such ad hoc analytical approaches for speciﬁc structures, Rehﬁeld (1973) introduced
a perturbation method analogous to Koiter’s initial postbuckling theory (Koiter, 1945) to investigate the0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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Nomenclature
as, bs, bij nonlinearity coeﬃcients static state
ad, bd, bijk nonlinearity coeﬃcients dynamic state
aijk, bijkl nonlinearity coeﬃcients dynamic state, multi-mode analysis
H homogeneous linear functional
L1 homogeneous linear functional
L2, L11 homogeneous quadratic functional
M generalized mass operator
q generalized applied load
t time
u generalized displacement
u generalized geometric imperfection
u* geometric imperfection, nontrivial mode
 generalized strain
K normalized static load parameter
Kc linear bifurcation buckling load
r generalized stress
n perturbation parameter
ns, nd, nt perturbation parameter; static, dynamic, imperfect dynamic state
x radial frequency
xc linear natural frequency
xcI linear natural frequency, multi-mode analysis
Shell analysis (Section 6)
Aij, Bij, Dij stiﬀness matrices
Aij;B

ij;D

ij semi-inverted stiﬀness matrices
Aij; B

ij;
Dij nondimensional semi-inverted stiﬀness matrices
c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1 m2Þ
p
E reference Young’s modulus
E11, E22 Young’s moduli orthotropic layer
f0 fundamental state stress function component
f1, f2 ﬁrst-order stress function components
fa, fb, fc second-order stress function components
F Airy stress function
F(0), F(1), F(2) stress functions for 0th-, 1st-, and 2nd-order state
G12 shear modulus orthotropic layer
h reference shell wall thickness
hk thickness of k-th layer
L shell length
LA*, LB*, LD* linear operators
LNL nonlinear operator
Mx, My, Mxy, Myx moment resultants
n number of full waves in circumferential direction
Nx, Ny, Nxy stress resultants
N0 applied axial load (N0 = Nx(x = L))
Ncl classical buckling load (Ncl = (Eh
2)/(cR))
p applied external pressure
p normalized external pressure ðp ¼ ðcR2Þ=ðEh2ÞpÞ
R radius of shell
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T0 applied torque (T0 = Nxy(x = L))
u, v, W axial, circumferential and radial displacement
w normalized radial displacement (w =W/h)
w0 fundamental state radial displacement component
w1, w2 ﬁrst-order radial displacement components
wa, wb, wc second-order radial displacement components
Wm, Wp, Wt generalized Poisson’s expansions
W(0), W(1), W(2) radial displacements for 0th-, 1st-, and 2nd-order state
W initial radial imperfection
x, y, z axial, circumferential and radial coordinate, respectively
Ds;Dd ;Ddi constants
x, y, xy strain components
h nondimensional circumferential coordinate (h = y/R)
hk orientation of k-th layer
jx, jy, jxy curvature changes and twist, respectively
k normalized axial load (k = (cR)/(Eh2)N0)
m reference Poisson’s ratio
m12, m21 Poisson’s ratios orthotropic layer
p averaged speciﬁc mass
s normalized torque (s ¼ ðcRÞ=ðEh2ÞT 0)
n1; n2 imperfection amplitudes
x normalized radial frequency (x ¼ R ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðqh=A22Þp xÞ
xc0 linear natural frequency of the unloaded perfect shell
Indices
()a static nontrivial state
()c eigenvalue
ðÞdi dynamic state, ith-order stateðÞdijk imperfect dynamic state, ijk-stateðÞid dynamic state, ﬁrst-order state, multi-mode analysisðÞijd dynamic state, second-order state, multi-mode analysisðÞsi static state, ith-order stateðÞsij imperfect static state, ij-state
()0 static fundamental state
ð~Þ static state
ð^ Þ dynamic state
(), partial diﬀerentiation w.r.t. variable following the comma
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son (1964). This general approach, valid for an important class of structures, can be translated both to an ana-
lytical, and to a numerical (Finite Element) framework. Wedel-Heinen (1991) used a similar approach to treat
the small vibrations of statically loaded imperfect structures.
Prior to these contributions in vibration analysis, in the sixties, Budiansky and Hutchinson (1964) and
Budiansky (1967) had extended the initial postbuckling theory in order to analyse the dynamic buckling of
imperfection sensitive structures. Fitch (1968) and Cohen (1968) included the eﬀect of a nonlinear prebuckling
state in their initial postbuckling and imperfection sensitivity analysis.
In the present work, the theories presented by Rehﬁeld (1973) and Wedel-Heinen (1991) will be combined
and extended. A perturbation method will be used to analyse the nonlinear vibration behaviour of statically
preloaded imperfect general structures. The eﬀect of a nonlinear nontrivial static state will be included via the
perturbation procedure. In this way, the theory incorporates Koiter’s initial postbuckling theory. The eﬀect of
E.L. Jansen / International Journal of Solids and Structures 45 (2008) 1124–1145 1127a nonlinear static fundamental state will be included in an approximate way. The functional notation intro-
duced by Budiansky and Hutchinson (1964) and later adopted by several other authors is also used in the pres-
ent work.
The usefulness of the theory will be shown by application of the theory to a complex example, the nonlinear
vibration analysis of anisotropic cylindrical shells, within a (semi-)analytical framework. The nonlinear vibra-
tions of cylindrical shells is a key problem in the nonlinear vibrations of structures. Due to its importance, it is
still attracting considerable attention to date, see e.g. the review by Amabili and Paı¨doussis (2003). In the anal-
ysis the speciﬁed boundary conditions at the shell edges can be satisﬁed rigorously. The characteristics of the
analysis capability are shown through examples of the vibration behaviour of speciﬁc shells. Results for single
mode and coupled mode nonlinear vibrations of shells are presented.
2. Governing equations
Using D’Alembert’s principle to introduce inertial loading, the variational equation of motion (dynamic
equilibrium) can be formulated as follows:Mðu;ttÞ  duþ r  d ¼ q  du ð1Þ
where u(x, t), (x, t), and r(x, t) denote the generalized displacement, strain, and stress, respectively. These ﬁeld
variables are functions of the spatial coordinates x and time t, and can be interpreted as vector functions with
variables appropriate to the problem. Further, M is the generalized mass operator, q(x, t) is the generalized
applied load, and (),tt = o
2()/ot2. Eq. (1) is a statement of the principle of virtual work, where a Æ b is the virtual
work of stresses or loads a acting through strains or displacements b, integrated over the entire structure for
variations du which are kinematically admissible. The mass operator is homogeneous, linear and has the prop-
erty thatMðuÞ  v ¼ MðvÞ  u ð2Þ
for all u and v. In addition, we have the strain–displacement relation ¼ L1ðuÞ þ 1
2
L2ðuÞ þ L11ðu; uÞ ð3Þwhere u is an initial geometric imperfection, and where L1 and L2 are homogeneous linear and quadratic func-
tionals, respectively, covering nonlinear Green–Lagrange strain–displacement relations. The homogeneous
bilinear functional L11 is deﬁned byL2ðuþ vÞ ¼ L2ðuÞ þ 2L11ðu; vÞ þ L2ðvÞ ð4Þ
from which we have L11(u,v) = L11(v,u) and L11(u,u) = L2(u). The variation of the generalized strain becomesd ¼ L1ðduÞ þ L11ðu; duÞ þ L11ðu; duÞ ð5Þ
For linearly elastic structures, the constitutive equation can be written in the formr ¼ HðÞ ð6Þ
where H is a homogeneous linear functional. The following reciprocity relation will be assumed to hold:r1  2 ¼ r2  1 ð7Þ
where the states indicated by ‘1’ and ‘2’ are arbitrary states of stress and strain.
3. Static and dynamic analysis
In this section, the situation of a (nonlinear) dynamic state on a (nonlinear) static state is analysed. The
structure is vibrating about a conﬁguration, deformed due to a static loading, the ‘static’ state. It is assumed
that the variables can be written as a superposition of two states,
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ðx; tÞ ¼ ~ðxÞ þ ^ðx; tÞ
rðx; tÞ ¼ ~rðxÞ þ r^ðx; tÞ
qðx; tÞ ¼ ~qðxÞ þ q^ðx; tÞ
ð8Þwhere ð~Þ and ð^ Þ denote the static state and dynamic state, respectively. The static state response in turn is
assumed to consist of the superposition of a fundamental state (‘trivial’ state) and a ‘nontrivial’ state (or
‘orthogonal’ state):~uðxÞ ¼ u0ðx0Þ þ uaðxÞ
~ðxÞ ¼ 0ðx0Þ þ aðxÞ
~rðxÞ ¼ r0ðx0Þ þ raðxÞ
~qðxÞ ¼ q0ðx0Þ
ð9Þwhere the index ‘0’ denotes the fundamental state and the index ‘a’ the (nonlinear) nontrivial state, and where x0
corresponds to the coordinates describing the ‘trivial state’. For example, in the analysis of cylindrical shells the
trivial state corresponds to axisymmetric deformation, and the nontrivial state to ‘asymmetric’ deformation, i.e.
the number of waves in the circumferential direction diﬀers from zero. Correspondingly, the imperfection is also
assumed to consist of two parts, a ‘trivial state’ imperfection and a ‘nontrivial state’ imperfection,uðxÞ ¼ u0ðx0Þ þ uaðxÞ ð10Þ
In the analysis of cylindrical shells, these two parts correspond to an ‘axisymmetric imperfection’ and an
‘asymmetric imperfection’, respectively.
The nonlinearity of the nontrivial state is taken into account via a perturbation expansion of the nontrivial
state variables. Substituting the expressions from Eqs. (8) and (9) into Eq. (1) gives the equations governing
the equilibrium of the static fundamental state, the nontrivial static state, and the dynamic state, respectively.
Both in the static state analysis and in the dynamic state analysis, the eﬀect of a nonlinear static fundamental
state will be taken into account approximately.
3.1. Static fundamental state
The equation governing equilibrium of the static fundamental state is:r0  d0 ¼ q0  du ð11Þ
where the variation of the generalized strain becomesd0 ¼ L1ðduÞ þ L11ðu0; duÞ ð12Þ
where it is assumed that there is no ‘trivial state’ imperfection u0, and the constitutive equation is given byr0 ¼ Hð0Þ ð13Þ
Introducing a normalized load parameter K, the applied load q0 is expressed asq0 ¼ Kq0 ð14Þ
where q0 is a reference load.
3.2. Nontrivial static state
For the nonlinear nontrivial static state the governing equations become:ra  da þ r0L11ðua; duÞ ¼ 0 ð15Þ
where the variation of the strain is given byda ¼ L1ðduÞ þ L11ðua; duÞ þ L11ðu0; duÞ þ L11ðua; duÞ ð16Þ
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For the dynamic state we obtain the following equations:Mðu^;ttÞ  duþ r^  d^þ r0  L11ðu^; duÞ þ ra  L11ðu^; duÞ ¼ q^  du ð18Þ
whered^ ¼ L1ðduÞ þ L11ðu^; duÞ þ L11ðu0; duÞ þ L11ðua; duÞ þ L11ðua; duÞ ð19Þ
and wherer^ ¼ Hð^Þ ð20Þ4. Perturbation expansion
It is assumed that a single vibration mode is associated with the (linear) natural frequency. The multi-mode
case will be discussed later. We will use the following initial imperfection in the nontrivial mode:ua ¼ nu ð21Þ
where n is the initial imperfection amplitude, and u* the imperfection mode.
The following perturbation expansion is used for the displacement ﬁeld of the nontrivial static state, which
is assumed to consist of a ﬁrst-order static state (linear static state), second-order static state, and so on,ua ¼ nsus1 þ n2sus2 þ n3sus3 þ . . .
þ nðnsus11 þ n2sus21 þ n3sus31 þ . . .Þ
þ . . . ð22ÞThe perturbation parameter ns can be seen as a measure of the static displacement amplitude. In the analysis of
cylindrical shells, ns will be deﬁned such that it corresponds to the deﬂection amplitude normalized with re-
spect to the shell wall thickness.
The perturbation expansion for the displacement ﬁeld of the dynamic state is assumed to consist of a ﬁrst-
order dynamic state (linear dynamic state), second-order dynamic state, and so on,u^ ¼ ndud1 þ n2dud2 þ n3dud3 þ . . .
þ ntðndud110 þ n2dud210 þ n3dud310 þ . . .Þ
þ n2t ðndud120 þ n2dud220 þ n3dud320 þ . . .Þ
þ . . . ð23Þwhere the perturbation parameter nd can be seen as a measure of the dynamic displacement amplitude. In
cylindrical shell analysis, also nd will be deﬁned such that it corresponds to the deﬂection amplitude normal-
ized with respect to the shell wall thickness. The eﬀective imperfection amplitude nt is deﬁned bynt ¼ nþ ns ð24Þ
It is noted that orthogonalizing ud2 , ud3 , etc. in some sense with respect to ud1 , e.g. byMðud1Þ  udk ¼ 0; k ¼ 2; 3; . . . ð25Þ
deﬁnes udk and makes the expansion unique. A similar remark can be made for the static state, cf. Fitch (1968).
In the following, the imperfection mode is assumed to be aﬃne to the linear static state response us1 ,u ¼ us1 ð26Þ
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The expansion for the nontrivial static strains becomesa ¼ nss1 þ n2ss2 þ n3ss3 þ . . .
þ nðs01 þ nss11 þ n2ss21 þ n3ss31 þ . . .Þ
þ . . . ð27Þand the constitutive relation can be written asrsi ¼ HðsiÞ; i ¼ 1; 2; 3; . . . ð28Þ
The nontrivial static state analysis can be directly related to initial postbuckling and imperfection sensitivity anal-
ysis (Budiansky, 1967; Fitch, 1968). If us1 is the bucklingmode of the ‘perfect’ structure (i.e. the structure without
‘nontrivial state’ imperfections), small values of n result in singular perturbations to the relations between the
load parameter K and the response parameter ns that exist for the ‘perfect’ structure (Budiansky, 1967).
The expansion for the dynamic strains becomes^ ¼ ndd1 þ n2dd2 þ n3dd3 þ . . .
þ ðd110nt þ d101nÞ þ ðd210nt þ d201nÞnd þ . . .
þ ðd120n2t þ d111ntnþ d102n2Þ
þ . . . ð29Þand the stress–strain relation can be written asrdi ¼ HðdiÞ ð30Þ
We consider resonance of the single mode ud1 . A ﬁrst-order mode is also referred to as a primary mode.
Assuming a periodic motion with unknown frequency x, and introducing a new time scale s = xt, the equa-
tion governing dynamic equilibrium for free vibration (q^ ¼ 0) is integrated over one period and becomes:Z 2p
0
½ndfrd1  L1ðduÞ þ r0  L11ðud1 ; duÞ þ rd1  L11ðu0; duÞ  x2Mðud1Þdug þ ndntfrd110  L1ðduÞ
þ r0L11  ðud110 ; duÞ þ rs1L11  ðud1 ; duÞ þ rd1  L11ðus1 ; duÞ þ rd110  L11ðu0; duÞ  x2Mðud110Þdug
þ ndnfrd101  L1ðduÞ  rs1  L11ðud1 ; duÞ þ rs01  L11ðud1 ; duÞ þ rd101  L11ðu0; duÞg þ ndn2t frd120  L1ðduÞ
þ r0  L11ðud120 ; duÞ þ rs1  L11ðud110 ; duÞ þ rs2  L11ðud1 ; duÞ þ rd1  L11ðus2 ; duÞ þ rd110  L11ðus1 ; duÞ
þ rd120  L11ðu0; duÞ  x2Mðud120Þdug þ ndntnfrd111  L1ðduÞ  rs1  L11ðud110 ; duÞ
þ rs01  L11ðud110 ; duÞ  2rs2  L11ðud1 ; duÞ  2rd1  L11ðus2 ; duÞ þ rd101  L11ðus1 ; duÞ þ rd111  L11ðu0; duÞg
þ ndn2frd102  L1ðduÞ þ rs2  L11ðud1 ; duÞ þ rd1  L11ðus2 ; duÞ þ rd102  L11ðu0; duÞg þ n2dfrd2  L1ðduÞ
þ r0  L11ðud2 ; duÞ þ rd1  L11ðud1 ; duÞ þ rd2  L11ðu0; duÞ  x2Mðud2Þdug þ n3dfrd3  L1ðduÞ
þ r0  L11ðud3 ; duÞ þ rd1  L11ðud2 ; duÞ þ rd2  L11ðud1 ; duÞ þ rd3  L11ðu0; duÞ  x2Mðud3Þdug þ . . .ds ¼ 0
ð31Þ
The ﬁrst-order state equation is obtained by setting du ¼ ud1 ¼ u^d1 cosxt and integrating from s = 0 to s = 2p.
This equation forms an eigenvalue problem for the unknown linear natural frequency squared, i.e. the square
frequency of periodic motions for inﬁnitesimally small vibration amplitudes, denoted as x2c ,rd1  L1ðud1Þ þ r0  L11ðud1 ; ud1Þ þ rd1  L11ðu0; ud1Þ  x2cMðud1Þ  ud1 ¼ 0 ð32Þ
Notice that this equation forms also the deﬁnition of the orthogonality between the ﬁrst-order dynamic state
mode ud1 and the static fundamental state mode (trivial mode) u0. Notice further that by setting
du ¼ udn ¼ u^dn cosxt in the ﬁrst-order dynamic state equation in Eq. (31), we obtainrd1  L1ðudnÞ þ r0  L11ðud1 ; udnÞ þ rd1  L11ðu0; udnÞ  x2cMðud1Þ  udn ¼ 0 ð33Þ
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at the critical point, Eq. (33) (which can be seen as an orthogonalization condition for the higher modes with
respect to the critical mode), is used as a constraint to eliminate the third-order variables. By using this con-
straint for n = 2 and n = 3, in combination with the reciprocity relation in Eq. (7), the following expression for
the expansion is obtained for the frequency,nd 1
x2
x2c
 
þ adn2d þ bdn3d
þ ðb101nþ b110ntÞnd þ ðb201nþ b210ntÞn2d þ . . .
þ ðb102n2 þ b111ntnþ b120n2t Þnd þ . . . ¼ 0 ð34Þwhere the coeﬃcients (in the following referred to as dynamic ‘a-factor’ and dynamic ‘b-factors’) are
given byad ¼ 1x2cDd
Z 2p
0
3
2
rd1  L11ðud1 ; ud1Þds
bd ¼ 1x2cDd
Z 2p
0
f2rd1  L11ðud1 ; ud2Þ þ rd2  L11ðud1 ; ud1Þgds
b110 ¼ 1x2cDd
Z 2p
0
frs1  L11ðud1 ; ud1Þ þ 2rd1  L11ðus1 ; ud1Þgds
ð35Þandb101 ¼ 1x2cDd
Z 2p
0
fHðL11ðus1 ; u0ÞÞ  L11ðud1 ; ud1Þ  rs1  L11ðud1 ; ud1Þgds
b210 ¼ 1x2cDd
Z 2p
0
frs1  L11ðud2 ; ud1Þ þ rd1  L11ðus1 ; ud2Þ þ rd1  L11ðud1 ; ud110Þ
þ rd1  L11ðud110 ; ud1Þ þ rd110  L11ðud1 ; ud1Þ þ rd2  L11ðus1 ; ud1Þgds
b201 ¼ 1x2cDd
Z 2p
0
fHðL11ðus1 ; u0ÞÞ  L11ðud2 ; ud1Þ  rs1  L11ðud2 ; ud1Þgds
b120 ¼ 1x2cDd
Z 2p
0
frs1  L11ðud110 ; ud1Þ þ rs2  L11ðud1 ; ud1Þ þ rd1  L11ðus1 ; ud110Þ
þ 2rd1  L11ðus2 ; ud1Þ þ rd110  L11ðus1 ; ud1Þgds
b111 ¼ 1x2cDd
Z 2p
0
fHðL11ðus1 ; u0ÞÞ  L11ðud110 ; ud1Þ  rs1  L11ðud110 ; ud1Þ
 2rs2  L11ðud1 ; ud1Þ  4rd1  L11ðus2 ; ud1Þgds
b102 ¼ 1x2cDd
Z 2p
0
frs2  L11ðud1 ; ud1Þ þ 2rd1  L11ðus2 ; ud1Þgds
ð36ÞwhereDd ¼
Z 2p
0
Mðud1Þ  ud1 ds ð37ÞTo evaluate the coeﬃcient bd, the second-order dynamic state has to be solved for from the variational equa-
tion of motion for the second-order terms of the dynamic state,x2Mðud2Þ  duþ rd2  ðL1ðduÞ þ L11ðu0; duÞÞ þ rd1  L11ðud1 ; duÞ þ r0  L11ðud2 ; duÞ ¼ 0 ð38Þ
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relation and the constitutive equation for d2 , deﬁnes the second-order dynamic state. The second-order state
modes are also referred to as the secondary modes. It is noted that the expressions for the dynamic ‘b-factors’
will in general be evaluated under the aﬃnity assumptionus1 ¼ u^d1 ð39Þwhere u^d1 is the mode corresponding to the linear vibration solution ud1 ¼ u^d1 cosxt.5. Extensions of the theory
In this section, several extensions of the previous theory will be treated, namely the forced vibration anal-
ysis, a higher order expansion, and the multi-mode case. The discussion will be restricted to ‘perfect’ structures
(i.e. structures without ‘nontrivial state’ imperfections).5.1. Forced vibrations
The theory presented is easily extended to forced vibrations (Rehﬁeld, 1974). Setting q^ðx; tÞ ¼ Qqeðx; tÞ,
where Q is the amplitude of the external excitation q^, the governing variational equilibrium equation can
be written asMðu^;ttÞ  duþ r^  d^þ r0  L11ðu^; duÞ þ ra  L11ðu^; duÞ ¼ Qqe  du ð40Þ
A Galerkin procedure using the expansion in Eq. (31) for free vibrations and setting du ¼ ud1 ¼ u^d1 cosxt re-
sults innd 1
x2
x2c
 
þ adn2d þ bdn3d þ . . . ¼ Q/0 ð41Þwhere/0 ¼
1
x2cDd
Z 2p
0
qe  ud1 ds ð42Þ5.2. Higher order analysis
The earlier nonlinear vibration analysis gives information about the lowest order eﬀects. By carrying higher
order terms in the expansions, for a ‘perfect’ structure, an amplitude–frequency relation of the following form
can be obtained:x
xc
 2
¼ 1þ adnd þ bdn2d þ Cdn3d þ Ddn4d þ . . . ð43ÞwhereCd ¼ 1x2cDd
Z 2p
0
1
2
frd1  L11ðud2 ; ud2Þ þ 4rd1  L11ðud3 ; ud1Þ þ 2rd2  L11ðud2 ; ud1Þ
þ 2rd3  L11ðud1 ; ud1Þgds
Dd ¼ 1x2cDd
Z 2p
0
frd1  L11ðud2 ; ud3Þ þ 2rd1  L11ðud4 ; ud1Þ þ rd2  L11ðud3 ; ud1Þ
þ rd3  L11ðud2 ; ud1Þ þ rd4  L11ðud1 ; ud1Þgds
ð44Þ
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A multi-mode analysis can be performed, analogous to the analysis by Byskov and Hutchinson (1977) for
buckling mode interaction. Supposing that there are M vibration modes, denoted by uid , each mode having a
corresponding (linear) natural frequency squared x2ic and amplitude nid (i = 1,2, . . . ,M), the displacement ﬁeld
for a ‘perfect’ structure can be written asu^ ¼niduid þ nidnjduijd þ . . . ð45Þ
with corresponding expressions for the stress and strain ﬁeldsr^ ¼nidrid þ nidnjdrijd þ . . . ð46Þ
^ ¼nidid þ nidnjdijd þ . . . ð47Þwhere the summation convention for repeated indices has been applied. We now obtain nonlinear amplitude–
frequency relations of the following formnId 1
x2
x2Ic
 
þ aijInidnjd þ bijkInidnjdnkd þ . . . ¼ 0; I ¼ 1; 2; . . . ;M ð48ÞwhereaijI ¼ 1x2IcDId
Z 2p
0
1
2
½rId  L11ðuid ; ujd Þ þ 2rId  L11ðujd ; uId Þds ð49Þ
bijkI ¼ 1x2IcDId
Z 2p
0
1
2
½rIid  L11ðujd ; ukd Þ þ rijd  L11ðukd ; uId Þ ð50Þ
þ rId  L11ðuid ; ujkd Þ þ rid  L11ðuId ; ujkd Þ þ 2rid  L11ðujd ; ukId Þds ð51Þ
andDId ¼
Z 2p
0
MðuId Þ  uId ds ð52Þ6. Application to nonlinear vibrations of a cylindrical shell
The perturbation approach presented in the previous sections will be applied to the nonlinear vibration
analysis of anisotropic cylindrical shells. In the present analysis the speciﬁed boundary conditions at the shell
edges are satisﬁed rigorously.kθ
L
R  h
x,u
p, q
T
x
y,v
z,W
P
Fig. 1. Shell geometry, coordinate system, and applied loading.
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stress function F are used, and classical lamination theory is employed. A perturbation procedure is used
to describe the time dependence of the solution and leads to boundary value problems for partial diﬀerential
equations, with the two spatial coordinates as independent variables. The solution is represented by a Fourier
decomposition in the circumferential direction. This describes the dependence of the solution on the
circumferential coordinate and reduces the problems to sets of ordinary diﬀerential equations for the axial
direction.
The speciﬁed boundary conditions are taken into account accurately by solving the resulting two-point
boundary value problems numerically via the parallel shooting method (Ascher et al., 1988). An analysis
including boundary eﬀects is sometimes referred to as a Level-2 Analysis or Extended Analysis (Arbocz
and Hol, 1990; Jansen, 2001a).
6.1. Governing equations
The shell geometry and the applied loading are deﬁned in Fig. 1. The shell geometry is characterized by its
length L, radius R and thickness h. The constitutive equations for a laminated shell can be written asNx
Ny
Nxy
2
64
3
75 ¼
A11 A12 A16
A12 A22 A26
A16 A26 A66
2
64
3
75
x
y
cxy
2
64
3
75þ
B11 B12 B16
B12 B22 B26
B16 B26 B66
2
64
3
75
jx
jy
jxy
2
64
3
75 ð53Þ
Mx
My
MxyþMyx
2
2
64
3
75 ¼
B11 B12 B16
B12 B22 B26
B16 B26 B66
2
64
3
75
x
y
cxy
2
64
3
75þ
D11 D12 D16
D12 D22 D26
D16 D26 D66
2
64
3
75
jx
jy
jxy
2
64
3
75 ð54Þwhere Nx, Ny, and Nxy are the usual stress resultants,Mx,My,Mxy, andMyx the moment resultants, x, y, and
cxy the strains, and jx, jy, and jxy the curvatures. The stiﬀness coeﬃcients Aij, Bij, and Dij (i, j = 1, 2, 6) from
classical lamination theory are used. The deﬁnition of the layer orientation can be found in Fig. 1.
The constitutive equations, Eqs. (53) and (54), can be written in matrix form asfNg ¼ Afg þ Bfjg ð55Þ
fMg ¼ Bfg þDfjg ð56Þand after partial inversion asfg ¼AfNg þ Bfjg ð57Þ
fMg ¼CfNg þDfjg ð58ÞwhereA ¼A1
B ¼  A1B
C ¼BA1 ¼ BT
D ¼D BA1BThe stiﬀness parameters are non-dimensionalized as follows:Aij ¼ 1EhAij;
Bij ¼ 2c
Eh2
Bij; Dij ¼ 4c
2
Eh3
Dij ð59ÞandAij ¼ EhAij; Bij ¼
2c
h
Bij; D

ij ¼
4c2
Eh3
Dij ð60Þ
E.L. Jansen / International Journal of Solids and Structures 45 (2008) 1124–1145 1135whereTable
Standa
SS-1
SS-2
SS-3
SS-4
C-1
C-2
C-3
C-4c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1 m2Þ
p
ð61Þand the quantities E and m are (arbitrarily chosen) reference values for Young’s modulus and Poisson’s ratio,
respectively.
Assuming that the radial displacementW is positive inward, the Donnell-type strain–displacement relations
can be written asx ¼ u;x þ
1
2
W ;2x þ W ;x W ;x
y ¼ v;y 
W
R
þ 1
2
W ;2y þ W ;y W ;y
cxy ¼ u;y þ v;x þ W ;xW ;y þ W ;x W ;y þ W ;xW ;y ð62Þ
jx ¼ W ;xx
jy ¼ W ;yy
jxy ¼ 2W ;xywhere u, v, andW are the displacements in x, y, and z-direction, respectively (Fig. 1), and W is an initial radial
imperfection. Introducing an Airy stress function F as Nx = F,yy, Ny = F,xx, and Nxy = F,xy, where Nx, Ny,
and Nxy are the usual stress resultants, the Donnell-type nonlinear imperfect shell equations (neglecting in-
plane inertia) for a general anisotropic material can be formulated asLA ðF Þ  LB ðW Þ ¼  1RW ;xx 
1
2
LNLðW ;Wþ 2 W Þ ð63Þ
LB ðF Þ þ LD ðW Þ ¼ 1RF ;xx þ LNLðF ;Wþ
W Þ þ p qhW ;tt ð64Þwhere the variablesW and F depend on the time t, R is the shell radius, q is the (averaged) speciﬁc mass of the
laminate, h is the (reference) shell thickness, p is the (eﬀective) radial pressure (positive inward), and qhW ;tt is
the radial inertia term. The fourth-order linear diﬀerential operatorsLA ðÞ ¼ A22ðÞ;xxxx  2A26ðÞ;xxxy þ ð2A12 þ A66ÞðÞ;xxyy
 2A16ðÞ;xyyy þ A11ðÞ;yyyy ð65Þ
LB ðÞ ¼ B21ðÞ;xxxx þ ð2B26  B61ÞðÞ;xxxy þ ðB11 þ B22  2B66ÞðÞ;xxyy
þ ð2B16  B62ÞðÞ;xyyy þ B12ðÞ;yyyy ð66Þ
LD ðÞ ¼ D11ðÞ;xxxx þ 4D16ðÞ;xxxy þ 2ðD12 þ 2D66ÞðÞ;xxyy
þ 4D26ðÞ;xyyy þ D22ðÞ;yyyy ð67Þdepend on the stiﬀness properties of the laminate, and the nonlinear operator deﬁned byLNLðS; T Þ ¼ S;xxT ;yy  2S;xyT ;xy þ S;yyT ;xx ð68Þ
reﬂects the geometric nonlinearity.1
rd boundary conditions
Nx = N0 Nxy = T0 W = 0 Mx = N0q
u = 0 Nxy = T0 W = 0 Mx = N0q
Nx = N0 v = 0 W = 0 Mx = N0q
u = 0 v = 0 W = 0 Mx = N0q
Nx = N0 Nxy = T0 W = 0 W,x = 0
u = 0 Nxy = T0 W = 0 W,x = 0
Nx = N0 v = 0 W = 0 W,x = 0
u = 0 v = 0 W = 0 W,x = 0
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both statically (~P ,~p, ~T ) and dynamically (P^ , p^, T^ ). By deﬁnition, the applied compressive force and torque
at the shell edges correspond to in-plane stress resultants at the edges which have been averaged over the edge
plane,N 0 ¼  1
2pR
Z 2pR
0
Nx dy ¼ specified ð69Þ
T 0 ¼ 1
2pR
Z 2pR
0
Nxy dy ¼ specified ð70ÞThe standard boundary conditions are denoted as in Table 1, where q is the axial load eccentricity, measured
from the shell midsurface (positive inward). Notice that the speciﬁed boundary conditions will be taken into
account accurately in the present approach. The in-plane boundary conditions are in principle nonlinear. In
the present perturbation approach, the problem will be converted to a sequence of linear boundary value
problems.
The equations governing the nonlinear dynamic behaviour of a cylindrical shell vibrating about a nonlinear
static state will be derived, by expressing both the displacementW and the stress function F as a superposition
of two states,W ¼ ~W þ W^ ð71Þ
F ¼ ~F þ F^ ð72Þwhere ~W and ~F are the radial displacement and stress function of the static, geometrically nonlinear state
which develops under the application of a static load on the imperfect shell, while W^ and F^ are the
radial displacement and stress function of the dynamic state corresponding to the large amplitude vibra-
tion about the static state. The Donnell-type equations governing the nonlinear dynamic state can be
written asLA ðF^ Þ  LB ðW^ Þ ¼  1R W^ ;xx 
1
2
LNLð ~W ; W^ Þ  1
2
LNLðW^ ; ~W þ 2 W Þ
 1
2
LNLðW^ ; W^ Þ ð73Þ
LB ðF^ Þ þ LD ðW^ Þ ¼ 1R F^ ;xx þ LNLð
~F ; W^ Þ þ LNLðF^ ; ~W þ W Þ
þ LNLðF^ ; W^ Þ þ p^  qhW^ ;tt ð74Þ
where p^ is the dynamic radial loading.
The Donnell-type equations for the nonlinear dynamic state of a perfect shell can be deduced from Eqs. (73)
and (74) and can be written asLA ðF^ Þ  LB ðW^ Þ ¼  1R W^ ;xx  LNLð
~W ; W^ Þ  1
2
LNLðW^ ; W^ Þ ð75Þ
LB ðF^ Þ þ LD ðW^ Þ ¼ 1R F^ ;xx þ LNLð
~F ; W^ Þ þ LNLðF^ ; ~W Þ
þ LNLðF^ ; W^ Þ þ p^  qhW^ ;tt ð76Þ6.2. Nonlinear vibration analysis including the eﬀect of boundary conditions
In this section a nonlinear vibration analysis is presented, in which the eﬀect of boundary conditions at the
shell edges is taken into account accurately. The perturbation method outlined earlier is used to assess the
inﬂuence of large vibration amplitudes, geometric imperfections, and a static deformation on the vibration
behaviour (Rehﬁeld, 1973; Wedel-Heinen, 1991).
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For the static state the following perturbation expansion is assumed:~W ðx; yÞ ¼ ~W ð0ÞðxÞ þ ns ~W ð1Þðx; yÞ þ n2s ~W ð2Þðx; yÞ þ . . . ð77Þ
~F ðx; yÞ ¼ ~F ð0Þðx; yÞ þ ns~F ð1Þðx; yÞ þ n2s ~F ð2Þðx; yÞ þ . . . ð78Þwhere ns is a measure of the displacement amplitude of the static ‘‘asymmetric’’ (non-axisymmetric) mode. In
the case of free vibrations, the dynamic lateral excitation is equal to zero (p^ ¼ 0). Considering the case of ‘‘sin-
gle mode’’ vibrations, i.e. that a single primary vibration mode is associated with the (linear) natural frequency
xc, the following perturbation expansion for the frequency x is used,x
xc
 2
¼ 1þ adnd þ bdn2d þ . . .
þ ðb110nt þ b101nÞ þ ðb210nt þ b201nÞnd þ . . .
þ ðb120n2t þ b111ntnþ b102n2Þ þ . . . ð79Þand the corresponding solution is assumed asW^ ðx; y; tÞ ¼ ndW^ ð1Þðx; y; tÞ þ n2dW^ ð2Þðx; y; tÞ þ . . .
þ ntndW^ ð11Þðx; y; tÞ þ ntn2dW^ ð12Þðx; y; tÞ þ . . .
þ n2t ndW^ ð21Þðx; y; tÞ þ n2t n2dW^ ð22Þðx; y; tÞ þ . . .
þ . . . ð80Þ
F^ ðx; y; tÞ ¼ nd F^ ð1Þðx; y; tÞ þ n2d F^ ð2Þðx; y; tÞ þ . . .
þ ntnd F^ ð11Þðx; y; tÞ þ ntn2d F^ ð12Þðx; y; tÞ þ . . .
þ n2t nd F^ ð21Þðx; y; tÞ þ n2t n2d F^ ð22Þðx; y; tÞ þ . . .
þ . . . ð81ÞIn these expansions nt ¼ ns þ n, where n is the amplitude of an ‘asymmetric’ imperfection, and nd is a
measure of the displacement amplitude; W^ ð1Þ will be normalized with respect to the shell thickness h
and W^ ð2Þ is orthogonal to W^ ð1Þ in an appropriate sense as discussed earlier. A formal substitution of
these expansions into the nonlinear governing equations, Eqs. (75) and (76), yields a sequence of equa-
tions for the functions appearing in the expansions. In the following, the asymmetric imperfection is as-
sumed to be aﬃne to the linear static mode, i.e. is assumed to have the same shape as the linear static
mode.6.2.2. First-order state
The equations governing the ﬁrst-order dynamic state are given byLA ðF^ ð1ÞÞ  LB ðW^ ð1ÞÞ ¼  1R W^ ;
ð1Þ
xx  W^ ;ð1Þyy ð ~W ;ð0Þxx þ hw0;xxÞ ð82Þ
LB ðF^ ð1ÞÞ þ LD ðW^ ð1ÞÞ ¼ 1R F^ ;
ð1Þ
xx þ ~F ;ð0Þxx W^ ;ð1Þyy  2~F ;ð0Þxy W^ ;ð1Þxy þ ~F ;ð0Þyy W^ ;ð1Þxx
þ F^ ;ð1Þyy ð ~W ;ð0Þxx þ hw0;xxÞ þ p^  qhW^ ;ð1Þtt ð83Þ
For a circumferential wave number n50 these equations correspond to ‘asymmetric modes’. The coeﬃcients of
these equations depend on the solution of the axisymmetric fundamental state problem ( ~W ð0Þ; ~F ð0Þ). Notice that
also an axisymmetric initial axisymmetric imperfection W ð0Þ ¼ hw0ðxÞ has been included. The eﬀect of asymmet-
ric imperfections is included through the perturbation approach using the asymmetric imperfection amplitude n
and eﬀective imperfection amplitude nt as perturbation parameters. The corresponding equations for the static
ﬁrst-order state ( ~W ð1Þ; ~F ð1Þ) are similar, but do not include the inertia term. The dynamic ﬁrst-order state equa-
tions admit separable solutions of the form
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F^ ð1Þðx; y; tÞ ¼ ERh
2
c
f^ 1ðxÞ cos nhþ f^ 2ðxÞ sin nh
n o
cosxt ð85Þwhere h = y/R, and n is the number of circumferential waves.
Introduction of the assumed ﬁrst-order state solutions into the corresponding governing equations and
equating coeﬃcients of corresponding trigonometric terms, gives sets of equations which do not longer depend
on the circumferential coordinate, four 4th-order diﬀerential equations in f1(x), f2(x), w1(x), and w2(x). The
coeﬃcients of the diﬀerential equations depend on the circumferential wave number n.
6.2.3. Second-order states
Three cases of second-order state equations can be distinguished, the equations governing the second-order
static state (n2s -terms), the equations governing the ‘imperfect dynamic’ state (nt nd-terms), and the equations
governing the second-order dynamic state (n2d-terms).
To determine the initial nonlinearity of the large amplitude vibrations, the equations of the second-order
dynamic state (n2d-terms) have to be solved. The equations governing the second-order dynamic state can be writ-
ten asLA ðF^ ð2ÞÞ  LB ðW^ ð2ÞÞ ¼  1R W^ ;
ð2Þ
xx  W^ ;ð2Þyy ð ~W ;ð0Þxx þ hw0;xxÞ
þ W^ ;ð1Þ2xy  W^ ;ð1Þxx W^ ;ð1Þyy ð86Þ
LB ðF^ ð2ÞÞ þ LD ðW^ ð2ÞÞ ¼ 1R F^ ;
ð2Þ
xx þ F^ ;ð1Þxx W^ ;ð1Þyy  2F^ ;ð1Þxy W^ ;ð1Þxy þ F^ ;ð1Þyy W^ ;ð1Þxx
þ F^ ;ð0Þxx W^ ;ð2Þyy  2F^ ;ð0Þxy W^ ;ð2Þxy þ F^ ;ð0Þyy W^ ;ð2Þxx þ F^ ;ð2Þyy ð ~W ;ð0Þxx þ hw0;xxÞ
 qhW^ ;ð2Þtt þ adx2cqhW^ ð1Þ ð87ÞThese equations admit separable solutions of the formW^ ð2Þðx; y; tÞ ¼ hðW ð20Þm þ W ð20Þt Þ þ hðW ð22Þm þ W ð22Þt Þ cos 2xt
þ hfw^a;20ðxÞ þ w^b;20ðxÞ cos 2nhþ w^c;20ðxÞ sin 2nhg
þ hfw^a;22ðxÞ þ w^b;22ðxÞ cos 2nhþ w^c;22ðxÞ sin 2nhg cos 2xt ð88Þ
F^ ð2Þðx; y; tÞ ¼ Eh
2
cR
 1
2
kð20Þy2  sð20Þxy
 
þ Eh
2
cR
 1
2
kð22Þy2  sð22Þxy
 
cos 2xt
þ ERh
2
c
ff^ a;20ðxÞ þ f^ b;20ðxÞ cos 2nhþ f^ c;20ðxÞ sin 2nhg
þ ERh
2
c
ff^ a;22ðxÞ þ f^ b;22ðxÞ cos 2nhþ f^ c;22ðxÞ sin 2nhg cos 2xt ð89ÞThe second-order dynamic state solution contains the ‘‘drift’’ term (0th harmonic in time) and the 2nd har-
monic in time. The generalized Poisson expansions W ð20Þm , W
ð22Þ
m , W
ð20Þ
t , and W
ð22Þ
t are determined from the cir-
cumferential periodicity condition, and the normalized loads k(20), k(22), sð20Þ, and sð22Þ are constants that can be
determined from the in-plane boundary conditions (Section 6.1 and Table 1).
Introduction of the assumed second-order state solutions into the corresponding governing equations and
equating coeﬃcients of corresponding trigonometric terms, gives sets of equations which do not longer depend
on the circumferential coordinate, four 4th-order diﬀerential equations in fb(x), fc(x), wb(x), and wc(x). The
coeﬃcients of the diﬀerential equations depend on the circumferential wave number n. The two 4th-order
equations for wa(x) and fa(x) can be reduced to one 4th-order equation.
The coeﬃcient ad is equal to zero, and the ‘‘dynamic b-factor’’ bd becomesbd ¼ 1x2cDd
f2F^ ð1Þ  ðW^ ð2Þ; W^ ð1ÞÞ þ F^ ð2Þ  ðW^ ð1Þ; W^ ð1ÞÞg ð90Þ
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Z 2p
0
Z 2pR
0
Z L
0
qhW^ ð1Þ
2
dxdy ds ð91Þand s = xt, and where the shorthand notationA  ðB;CÞ ¼
Z 2p
0
Z 2pR
0
Z L
0
fA;xxB;yC;y þ A;yyB;xC;x  A;xyðB;xC;y þ B;yC;xÞgdxdy ds ð92Þis used. The notation deﬁned in Eq. (92) is related to the notation used in Section 3 as follows:F^ ðiÞ  ðW^ ðjÞ; W^ ðkÞÞ ¼ rdi  L11ðudj ; udk Þ ð93Þ
Solving the second-order static state equations (n2s -terms) gives a corresponding ‘static b-factor’ formula. In
Cohen (1968) and in Arbocz and Hol (1990), the eﬀect of a nonlinear prebuckling state is included in deriving
the ‘static b-factor’ for buckling analysis.
The b-factors corresponding to the ‘imperfect dynamic’ state become, for an asymmetric vibration
mode,b110 ¼ b101 ¼ b210 ¼ b201 ¼ 0 ð94Þ
b120 ¼ 1x2cDd
f~F ð1Þ  ðW^ ð11Þ; W^ ð1ÞÞ þ ~F ð2Þ  ðW^ ð1Þ; W^ ð1ÞÞ
þ F^ ð1Þ  ð ~W ð1Þ; W^ ð11ÞÞ þ 2F^ ð1Þ  ð ~W ð2Þ; W^ ð1ÞÞ
þ F^ ð11Þ  ð ~W ð1Þ; W^ ð1ÞÞg ð95Þ
b111 ¼ 1x2cDd
fL1ð ~W ð1Þ; ~W ð0Þ; W^ ð11Þ; W^ ð1ÞÞ  ~F ð1Þ  ðW^ ð11Þ; W^ ð1ÞÞ
 2~F ð2Þ  ðW^ ð1Þ; W^ ð1ÞÞ  4F^ ð1Þ  ð ~W ð2Þ; W^ ð1ÞÞg ð96Þ
b102 ¼ 1x2cDd
f~F ð2Þ  ðW^ ð1Þ; W^ ð1ÞÞ þ 2F^ ð1Þ  ð ~W ð2Þ; W^ ð1ÞÞg ð97ÞFurther, the operator L1 with four arguments used in Eq. (96) is deﬁned as follows,L1ðA;B; b; cÞ ¼ L11yðA;BÞb;yc;y þ L11xðA;BÞb;xc;x þ L11xyðA;BÞðb;xc;y þ b;yc;xÞ ð98Þ
whereL11xðA;BÞ ¼
Z 2p
0
Z 2pR
0
Z L
0
fA11A;xB;x þ A12A;yB;y þ A16ðA;xB;y þ A;yB;xÞgdxdy ds ð99Þ
L11yðA;BÞ ¼
Z 2p
0
Z 2pR
0
Z L
0
fA12A;xB;x þ A22A;yB;y þ A26ðA;xB;y þ A;yB;xÞgdxdy ds ð100Þ
L11xyðA;BÞ ¼
Z 2p
0
Z 2pR
0
Z L
0
fA16A;xB;x þ A26A;yB;y þ A66ðA;xB;y þ A;yB;xÞgdxdy ds ð101Þ6.2.4. Coupled mode nonlinear vibrations
The multi-mode analysis case derived in Section 5 is applied in this section to a coupled mode nonlinear
vibration case. The present (Extended Analysis) approach makes it possible to take the eﬀect of boundary con-
ditions into account accurately.
In the case of forced vibrations, when the excitation amplitude is suﬃciently large, and the excitation fre-
quency is close the natural frequency, a coupled mode response can occur involving an asymmetric mode, the
‘driven’ mode, and the mode with coinciding frequency that is circumferentially 90 out-of-phase with respect
to the driven mode, the companion mode, cf. Evensen (1965). This companion mode is parametrically excited
by the axisymmetric response and (for zero damping) has a time dependence that is 90 out-of-phase with
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wave phenomenon in the circumferential direction of the shell, see e.g. Evensen (1965), Pellicano et al.
(2002), and Jansen (2002).
The expansion for the displacement is assumed asTable
Booto
Shell g
Lamin
LayerW^ ðx; y; tÞ ¼ n1d W^ 1 þ n2d W^ 2 þ n1dn2d W^ 12 þ . . . ð102Þ
where the driven mode and the companion mode (using the terminology from the forced vibration case) can be
written as, respectively,W^ 1ðx; y; tÞ ¼ h w^1ðxÞ cos nhf g cosxt ð103Þ
W^ 2ðx; y; tÞ ¼ h w^1ðxÞ sin nhf g sinxt ð104ÞThe equations governing the mixed coupled mode state admit solutions of the formW^ 12ðx; y; tÞ ¼ h w^b;23ðxÞ cos 2nhþ w^c;23ðxÞ sin 2nh
	 

sin 2xt ð105Þ
F^ 12ðx; y; tÞ ¼ h f^ b;23ðxÞ cos 2nhþ f^ c;23ðxÞ sin 2nh
n o
sin 2xt ð106ÞThe perturbation expansion associated with n1d , the amplitude of the driven mode, becomesx
xc
 2
n1d ¼ n1d þ a111n21d þ ða121 þ a211Þn1dn2d þ a221n22d þ b1111n31d
þ ðb1121 þ b1211 þ b2111Þn21dn2d þ ðb1221 þ b2121 þ b2211Þn1dn22d
þ b2221n32d þ . . . ð107Þwhere xc ¼ xc1 ¼ xc2 is the corresponding linear frequency, while the expansion associated with n2d has a sim-
ilar form,x
xc
 2
n2d ¼ n2d þ a112n21d þ ða122 þ a212Þn1dn2d þ a222n22d þ b1112n31d
þ ðb1122 þ b1212 þ b2112Þn21dn2d þ ðb1222 þ b2122 þ b2212Þn1dn22d
þ b2222n32d þ . . . ð108ÞFor the coeﬃcients in Eq. (107) one obtains a111 = a121 = a211 = a221 = b1121 = b1211 = b2111 = b2221 = 0. The
b-factors in the expansions are given bybijkI ¼ 1
2x2cDd
fF^ Ii  ðW^ j; W^ kÞ þ F^ ij  ðW^ k; W^ IÞ þ F^ I  ðW^ i; W^ jkÞ
þ F^ i  ðW^ I ; W^ jkÞ þ 2F^ i  ðW^ j; W^ kIÞg ð109Þ
where I = 1, 2 denotes the equation associated with n1d and n2d , respectively.2
n’s shell
eometry Radius R = 67.8 mm
Length L = 95.87 mm
ate geometry 3 Layers (the numbering starts at the outside of the shell)
Layer thickness h1 = h2 = h3= 0.226 mm
Layer orientation h1 = 30, h2 = 0, h3 = 30
(Fig. 1)
properties Composite material: glass-epoxy
Modulus of elasticity 1-direction E11 = 4.02 · 104 MPa
Modulus of elasticity 2-direction E22 = 1.67 · 104 MPa
Major Poisson’s ratio m12 = 0.363
Shear modulus 12-plane G12 = 4.61 · 103 MPa
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The characteristics of the analysis capability based on the perturbation analysis, presented for general struc-
tures and worked out in detail for cylindrical shells in Section 6 are illustrated through examples of the vibration
behaviour of speciﬁc shells. The analysis outlined in the previous section has been implemented in a FORTRAN
program, and will be referred to in the following as Extended Analysis or Level-2 Analysis (Jansen, 2004).
In particular, results for single mode and coupled mode nonlinear vibrations of shells will be presented. In
several of these cases the results will be compared with results obtained from other analyses, in particular with
results from a simpler analysis denoted as Simpliﬁed Analysis or Level-1 Analysis (Jansen, 2001b, 2004).
The shells that will be used in the numerical calculations are denoted as follows:
ES2-shell: isotropic shell used earlier by Evensen (Evensen, 1967). The vibration mode is characterized by m
axial half waves and n circumferential full waves. The following data are used:  = (n2h/R)2 = 0.01,
n ¼ pR=nL=m ¼ 0:1, m = 0.3.Fig. 2. Backbone curve for coupled mode vibrations of isotropic shell. Comparison between Evensen’s approach (Simpliﬁed Analysis) and
present Extended Analysis of amplitude asymmetric mode nd used in Eq. (79); ES2 isotropic shell.
Fig. 3. Comparison between diﬀerent analyses; Olson’s isotropic shell.
1142 E.L. Jansen / International Journal of Solids and Structures 45 (2008) 1124–1145Olson’s shell: isotropic (copper) shell, as used earlier in Chen’s work (Chen and Babcock, 1975). L ¼ 15 3
8
in.,
R= 8 in., h= 0.0044 in., m = 0.30.
Booton’s shell: an anisotropic shell used earlier in static stability investigations (Booton, 1976; Arbocz and
Hol, 1990). The data are given in Table 2. The reference values for Young’s modulus and Poisson’s ratio
used in the analysis are E = E11 and m = m12.
In the following calculations the normalized frequency X ¼ xxc is used, where xc is the linear frequency. It
should be noted that the classical ‘‘simply supported’’ boundary conditions (Nx = v =W =Mx = 0) are sat-
isﬁed rigorously in the Extended Analysis, and approximately in the Simpliﬁed Analyses.
The amplitude–frequency curve for coupled mode free vibrations of two asymmetric modes which are cir-
cumferentially 90 out-of-phase between each other, can be obtained via the approach denoted earlier as the
coupled mode analysis (Section 6.2.4). The backbone curves for the coupled vibrations based on the b-factors
in the expansion of Eqs. (107) and (108) are shown in Fig. 2. The combination of the two asymmetric modes
leads to a reduction of the softening nonlinearity as compared to the single mode case (Jansen, 2001b).
A comparison between Evensen’s approach Evensen (1967), Chen’s results Chen and Babcock (1975), and
the present analysis is shown in Fig. 3 for Olson’s isotropic shell. Results from two other analyses, described in
Jansen (2004), have been included. In the Simpliﬁed Analysis using numerical time-integration (‘‘Simpliﬁed –
Num. Integration’’), axisymmetric modes have been included in the response. In a second analysis model, in
addition a mode with the double harmonic in the circumferential direction of the shell (cos2nh) has beenFig. 4. Top: vibration mode of anisotropic shell. Middle: dynamic second-order modes. (a) 0th harmonic and (b) 2nd harmonic in time.
Bottom: dynamic second-order stresses. (a) 0th harmonic and (b) 2nd harmonic in time. Booton’s anisotropic shell.
Fig. 5. Eﬀect of shell length on dynamic b-factor. Booton’s anisotropic shell.
Fig. 6. Eﬀect of shell length on lowest natural frequency x ¼ R ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðqh=A22Þp x. Booton’s anisotropic shell.
E.L. Jansen / International Journal of Solids and Structures 45 (2008) 1124–1145 1143included (‘‘Simpliﬁed – Num. Integration (2n)’’). The eﬀect of the response of the double harmonic in the cir-
cumferential direction of the shell is clearly important to describe the nonlinear behaviour appropriately. The
diﬀerences between the various analyses have been discussed in Jansen (2004).
The ﬁrst-order and second-order vibration modes of Booton’s anisotropic shell are depicted in Fig. 4. As
both previous investigations (Evensen, 1967; Chen and Babcock, 1975; Liu, 1988) and the present work have
shown, an important contribution to the softening nonlinear behaviour stems from the interaction between the
second-order (compressive) membrane stresses (f 00a20 and f
00
a22) in the circumferential direction and the ﬁrst-
order displacement mode. Softening behaviour is typical for cylindrical shells and has often been observed
in earlier studies for isotropic shells. The second-order membrane stresses correspond to the axisymmetric con-
traction modes (w00a20 and w
00
a22) which have earlier been recognized as crucial for the explanation of the soft-
ening behaviour of cylindrical shells (Evensen, 1967). The physical interpretation of the ‘dynamic b-factor’
is that it corresponds to the (initial) curvature of frequency–amplitude curve, and it gives information about
the initial character (softening or hardening) and severity of the nonlinearity. In the following, the dependence
of the dynamic b-factor on the shell geometry and material parameters is illustrated.
Fig. 7. Eﬀect of layer orientation [h, 0,h] on dynamic b-factor. Booton’s anisotropic shell.
Fig. 8. Eﬀect of layer orientation [h,0,h] on lowest natural frequency x ¼ R ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðqh=A22Þp x. Booton’s anisotropic shell.
1144 E.L. Jansen / International Journal of Solids and Structures 45 (2008) 1124–1145The inﬂuence of the shell length on the dynamic b-factor of Booton’s anisotropic shell (original length/
radius L/R = 1.414) is shown in Fig. 5. The modes considered are in the range of circumferential wave
numbers n = 5 to n = 9, which includes the mode corresponding to the fundamental frequency, i.e. the
lowest (linear) natural frequency for all circumferential wave numbers, see Fig. 6. In this range of shell
lengths the b-factor is mostly negative, corresponding to a softening behaviour. However, varying the shell
length, it is seen that for certain shell lengths, a singularity in the (single-mode) dynamic b-factor can
occur due to internal resonance of second-order modes (Jansen, 2004). It should be noted that the present
results are based on a ‘single mode’ analysis, and in the neighbourhood of internal resonance a multi-
mode analysis would be more appropriate, in order to describe the interaction with the second-order
modes.
The inﬂuence of varying the layer orientation [h, 0,h] on the dynamic b-factor of Booton’s anisotropic
shell (original orientation [30,0,30]) is shown in Fig. 7. The modes considered correspond to the circum-
ferential wave numbers n = 5 and n = 6, which includes the mode corresponding to the fundamental fre-
quency, see Fig. 8. When varying the layer orientation, the dynamic b-factors remain mostly negative.
E.L. Jansen / International Journal of Solids and Structures 45 (2008) 1124–1145 1145Also when varying the layer orientation, internal resonance may occur for certain cases of the laminate
stiﬀness.
8. Concluding remarks
A perturbation method was presented which is capable of analyzing the nonlinear vibration behaviour of
imperfect general structures under static loading. The approach was applied in a semi-analytical framework to
the nonlinear vibration analysis of cylindrical shells. The characteristics of the analysis capability were shown
through examples of the single mode and coupled mode nonlinear vibration behaviour of speciﬁc shells. Para-
metric studies showed the inﬂuence of geometrical and material parameters on the dynamic b-factor of a spe-
ciﬁc composite shell.
The perturbation procedure is useful to obtain insight in the nonlinear behaviour of structures, including
modal interactions. The approach is in principle valid in an asymptotic sense, so the range of validity should
be investigated for each speciﬁc case under consideration.
The perturbation approach presented for general structures can be used at every level of discretization com-
plexity in a semi-analytical framework. The procedure is not restricted to a semi-analytical context, and can
also be translated to a Finite Element framework.
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